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A multi-dimensional parabolic first initial-boundary value problem with a concentrated
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also deduced. For illustration, an example is given.
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1. Introduction
Quenching and blow-up phenomena [1] are closely related. As an illustration, an explosion described by a quenching
model occurs at a finite temperaturewhilewhen described by a blow-upmodel, it happens at an infinitely high temperature.
Chan [2] gave a criterion for the solution u of a one-dimensional parabolic first initial-boundary value problem to quench
in a finite time. It turns out that the forcing term f (u) need not be superlinear in u in order for a quenching to occur. This
is in sharp contrast with that for the blow-up phenomenon, which requires the forcing term to be superlinear (cf. Chan and
Tian [3]). Here, we would like to extend such a result to a multi-dimensional parabolic problem.
Let D be a bounded n-dimensional domain with a sufficiently smooth boundary ∂D, D¯ be its closure, T be a positive real
number,Ω = D× (0, T ], S = ∂D× (0, T ], Hu = ut −∆u, x = (x1, x2, x3, . . . , xn) be a point in the n-dimensional Euclidean
space, B be an n-dimensional ball {x ∈ D : |x− b| < R} centered at b ∈ D with a radius R, B¯ be its closure, and ∂B be its
boundary such that B¯ ( D. Also, let ν (x) = (ν1 (x) , ν2 (x) , ν3 (x) , . . . , νn (x)) denote the unit inward normal at x ∈ ∂B,
and χB (x) be the characteristic function, which is 1 for x ∈ B, and 0 for x ∉ D \ B. For any t > 0, and any point P ∈ D
such that P ≠ b and P ∉ ∂B, let us consider the line emanating from the point b to P . If P ∈ B, then we extend the line to
intersect ∂B. Let this point of intersection be denoted by Q . We define the unit inward normal at P to be the same as that
at Q . If P ∉ B, then let the point of intersection of the line from b to P with ∂B be denoted by Q˜ . We define the unit inward
normal at P to be the same as that at Q˜ . The value ∂χB (x) /∂ν at the point b is defined to be zero. This extends the inward
normal vector to a vector field defined in the whole domain D (cf. Chan [4]). Since the derivative of the Heaviside function is
the Dirac delta function, a natural replacement of the Dirac delta function δ (x− b) in one spatial dimension is ∂χB (x) /∂ν
in multi-dimensions. We note that ∂χB (x) /∂ν is zero, except on ∂B, at each point of which is a Dirac delta function. Let us
consider the following multi-dimensional parabolic first initial-boundary value problem,
Hu = ∂χB (x)
∂ν
f (u(x, t)) inΩ,
u(x, 0) = 0 on D¯, u = 0 on S.

(1.1)
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We assume that limu→c− f (u) = ∞ for some positive constant c , f (u) and f ′(u) are positive for 0 ≤ u < c , and f ′′(u) ≥ 0
for 0 ≤ u < c.
A solution of problem (1.1) is a continuous function on Ω¯ and satisfies (1.1).
A solution u of problem (1.1) is said to quench if there exists some tq such that
max{u(x, t) : x ∈ D¯} → c− as t → tq.
For ease of reference, let us summarize some results of Chan [4] in the following theorem.
Theorem 1.1. There exists some extended real number tq such that for 0 ≤ t < tq, problem (1.1) has a unique nonnegative
solution u, and u is a nondecreasing function of t. If tq is finite, then u quenches at tq. For any t ∈

0, tq

,
u (x, t) = M (t) for x ∈ ∂B, M (t) > u (y, t) for any y ∉ ∂B, (1.2)
where M (t) denotesmaxx∈D¯ u (x, t).
In Section 2, we give a criterion for u to quench on ∂B in a finite time. Unlike that by Chan [4], we use the concept of
beyond quenching [5] to show that u quenches on ∂B only. An upper bound for the quenching time tq is given. To illustrate
the main results, we give an example.
2. A quenching criterion and an upper bound for the quenching time
Let φ denote the normalized fundamental eigenfunction of the problem,
∆φ + λφ = 0 in D, φ = 0 on ∂D,
with λ denoting its corresponding eigenvalue, which is positive (cf. McOwen [6, pp. 132–134]). Also, let |D| denote the
volume of D, ω be the n-dimensional solid angle (that is, the surface area of an n-dimensional unit ball), and
µ (t) =
∫
D
φ (x) u (x, t) dx.
Theorem 2.1. If there exist constants c1 (>0) and c2 (≥0) such that∫
∂B
φ (x) f (u (x, t)) dx ≥
∫
∂B
(c1 + c2u (x, t)) dx, (2.1)
λ |D|1/2
Rn−1ω
> c2, c1 > |D|1/2

λ
Rn−1ω
− c2|D|1/2

c, (2.2)
then u quenches in a finite time tq everywhere on ∂B only. Furthermore, an upper bound for the quenching time tq is given by
1
λ− Rn−1ω|D|1/2 c2
ln
[
1− |D|1/2

λ
Rn−1ω
− c2|D|1/2

c
c1
]−1
. (2.3)
Proof. Let us multiply the partial differential equation in (1.1) by φ, and integrate with respect to x over D. We have
µ′ (t)+ λµ (t) =
∫
D
∂χB (x)
∂ν
f (u(x, t)) φ (x) dx. (2.4)
Using integration by parts and the Divergence Theorem, we obtain∫
D
∂χB (x)
∂ν
f (u(x, t)) φ (x) dx = −
∫
D
χB (x)
n−
i=1
∂
∂xi
(f (u(x, t)) φ (x) νi (x)) dx
= −
∫
B
n−
i=1
∂
∂xi
(f (u(x, t)) φ (x) νi (x)) dx
=
∫
∂B
f (u(x, t)) φ (x) dx.
From (2.4),
µ′ (t)+ λµ (t) =
∫
∂B
φ (x) f (u (x, t)) dx.
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By (2.1) and (1.2),
µ′ (t)+ λµ (t) ≥
∫
∂B
(c1 + c2M (t)) dx. (2.5)
Since µ (t) ≤ M (t) D φ (x) dx, it follows from the Schwarz inequality and D φ2 (x) dx = 1 that
µ (t) ≤ |D|1/2 M (t) . (2.6)
Using (2.5), (2.6), and

∂B dx = Rn−1ω, we have
µ′ (t)+

λ− R
n−1ω
|D|1/2 c2

µ (t) ≥ Rn−1ωc1.
Solving this with µ (0) = 0, we obtain
µ (t) ≥ R
n−1ωc1
λ− Rn−1ωc2|D|1/2

1− e−

λ− Rn−1ωc2|D|1/2

t

.
From (2.6),
M (t) ≥ µ (t)|D|1/2
≥ R
n−1ωc1
|D|1/2

λ− Rn−1ωc2|D|1/2
 1− e−λ− Rn−1ωc2|D|1/2 t . (2.7)
Using (2.2), we have
M (t) >

1− e−

λ− Rn−1ωc2|D|1/2

t

c.
Thus, there exists some finite tq such that u quenches. From (1.2), u quenches everywhere on ∂B.
To show that u quenches everywhere on ∂B only, we extend problem (1.1) to beyond quenching (cf. Chan and
Tragoonsirisak [5]) as follows:
Hu = ∂χB (x)
∂ν
f (u(x, t)) χ{u<c} in D× (0,∞) ,
u(x, 0) = 0 on D¯, u = 0 on S,

(2.8)
whereχ{u<c} denotes the functionwhich is 1 if u < c , and 0 if u ≥ c . By Theorem1.1, problem (1.1) has a unique nonnegative
(continuous) solution u for 0 ≤ t < tq. Let us denote u (x, t) on ∂B×

0, tq

by g (x, t). We can rewrite problem (1.1) as two
initial-boundary value problems:
Hu = 0 in B× 0, tq ,
u (x, 0) = 0 on B¯, u (x, t) = g (x, t) on ∂B× 0, tq .

(2.9)
Hu = 0 in D \ B¯× 0, tq , u (x, 0) = 0 on D¯ \ B,
u (x, t) = g (x, t) on ∂B× 0, tq , u (x, t) = 0 on ∂D× 0, tq .

(2.10)
Since tq is finite, it follows from (2.8) that problem (2.9) holds also at tq with g

x, tq
 = c for x ∈ ∂B. Thus, if u quenches at
some point

z, tq

for some z ∈ B, then u ≡ c on B¯× 0, tq by the strong maximum principle [7, p. 34] and the continuity
of u. This contradicts the initial condition u (x, 0) = 0 on B¯. Therefore, if u quenches, then it quenches at tq on ∂B only. A
similar argument for problem (2.10) shows that this is also true. Thus, if u quenches at tq, then it quenches at tq on ∂B only.
An upper bound for the quenching time follows by setting the right-hand side of (2.7),
Rn−1ωc1
|D|1/2

λ− Rn−1ωc2|D|1/2
 1− e−λ− Rn−1ωc2|D|1/2 t ,
equal to c to evaluate t . This gives (2.3). 
For illustration of Theorem 2.1, we give the following example. We use Mathematica 7.01.0 to do the computations, and
the computed results are given to six significant figures.
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Example 2.2. Let f (u) = k (1− u)−1, where k is a positive constant. The function f (u)with k = 1was used by Kawarada [9]
in 1975 to introduce the concept of quenching. We have c = 1. Let c1 = λ |D|1/2 /

Rn−1ω

. From (2.2), c1 > c2. Since
f (u) > k (1+ u), we have∫
∂B
φ (x) f (u (x, t)) dx > k
∫
∂B
φ (x) (1+ u (x, t)) dx.
From (1.2), u (x, t) attains the same (maximum) valueM (t) for x ∈ ∂B. We have
k
∫
∂B
φ (x) (1+ u (x, t)) dx = k
∫
∂B
φ (x) (1+M (t)) dx.
Thus, if
k
∫
∂B
φ (x) dx ≥ c1
∫
∂B
dx, (2.11)
then
k
∫
∂B
φ (x) u (x, t) dx = kM (t)
∫
∂B
φ (x) dx ≥ c1M (t)
∫
∂B
dx > c2M (t)
∫
∂B
dx,
and hence, (2.1) is satisfied.
To illustrate the above numerically, let x1 and x2 be denoted by x and y. We consider a bounded two-dimensional domain,
D = {(x, y) : 0 < x < L, 0 < u < K} ,
where L and K are positive constants. The fundamental eigenvalue (cf. Haberman [8, p. 291])
λ = π2

1
L2
+ 1
K 2

.
Since

D φ
2 (x, y) dxdy = LK , its corresponding normalized fundamental eigenfunction
φ (x, y) = 1√
LK
sin
πx
L
sin
πy
K
.
Then,
c1 = π
√
LK
2R

1
L2
+ 1
K 2

.
Let the center of the concentrated source with a radius R be at the point (L/2, K/2).
(i) For L = 10 = K , R = 3, and k = 2, we have k 
∂B φ (x) dx = 2.27256, c1 = π/30, c1

∂B dx = 1.97392, and (2.11) is
satisfied. To compute an upper bound for the quenching time, we let c2 = c1 − .01, which is positive. From (2.3), an upper
bound is 5.32454.
(ii) For L = 20, K = 10, R = 3, and k = 2, we have k 
∂B φ (x) dx = 1.97556, c1 =
√
2π/48, c1

∂B dx = 1.74472, and
(2.11) is satisfied. To compute an upper bound for the quenching time, we let c2 = c1 − .01, which is positive. From (2.3),
an upper bound is 8.57789.
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